ABSTRACT The deployment of small cell base stations (BSs) can efficiently boost the network capacity. Cross-tier interference management is critical for the performance enhancement in such heterogeneous networks. Interference alignment provides an efficient way to achieve optimal degree-of-freedom in interference channels. However, it is not necessarily optimal in terms of system sum capacity in the intermediate SNR region. In this paper, we propose a partial interference alignment scheme for heterogeneous network downlink transmission at intermediate SNR by considering the power imbalance among the macro cell and small cell BSs. The hard partial interference alignment adaptively selects the subspace for transmission and captures the trade-off of the transmission dimensions of small cell users and macro cell user. The soft partial interference alignment is used to further improve the hard interference alignment by iteratively balancing the interference and useful signals in each user side. Also, large dimensional analysis is performed to show that the number of transmit dimensions, which can be exploited by the small cell BS is determined by the SNR of the system and singular value distribution of the channel matrix. Simulation results suggest that the proposed partial interference alignment can achieve better achievable sum capacity in the intermediate SNR regime and the large dimension result is accurately verified.
I. INTRODUCTION
The ever-growing demands for higher data rates has posed a big challenge for next generation wireless systems (5G) [1] , [2] . It is predicted that the network capacity would be increased by a thousand times over the next decade. The current cellular network structure obviously can not support such high transmission capacity. Many candidate technologies have been proposed for 5G, among which massive MIMO and heterogeneous cellular networks (Hetnets) [3] , [4] , [27] are two different potential approaches. Massive MIMO scales up the number of antennas equipped at BSs, which is much larger than that of users. It can improve the system performance in terms of both spectral and energy efficiency [5] - [7] . Small cell networks deploy dense lowpower small cell base stations for the data offloading from the macro cell.
Traditional approach for the coexistence of the two-tiered network is to make the macro cell base stations and small cell base stations operate on disjoint channels [8] , [9] , so as to avoid mutual interference between the two tiers. However, this method results in low spectral efficiency. To enable maximum spectral reuse, the complete spectrum sharing where the macro base stations and small cell base station operate on the same channels is the most attractive way [10] . The cross-tier interference has been identified as the main limiting factor for the macro cell and small cell coexistence in this case. In this paper, we consider the open subscriber group (OSG) mode in Hetnet in which the dominant interferences in macro cell-small cell networks are the interference from macrocell BS to small cell users and the interference between small cell BS and the users of neighboring small cells.
Recently, significant research efforts have been dedicated to the study of macro cell and small cell coexistence via interference alignment (IA) [11] , [12] . IA is a signal processing approach that attempts to simultaneously align the interference on a lower dimension subspace at the receiver so that the desired signals can be transmitted on the interferencefree dimensions. It can guarantee virtual interference free transmission by exploiting the spatial dimensions of MIMO channels, which is very suitable for the complete spectrum sharing scenario in Hetnet. Although the small cell and macro cell operate on the same channels, they can exploit additional space dimensions for interference free transmission [13] . Also, IA based methods for interference management in cognitive radio network have been investigated in [14] and [15] . In [16] and [17] , Amiret al. show that IA is optimal in degrees-of-freedom (DoF) sense. IA can achieve the optimal DoF in high SNR. However, it is not necessarily optimal in terms of achievable sum capacity since the signal projection in the receiver side limits the spatial diversity of the system. A natural question arises that when the network operate in the intermediate SNR regime, how can we maximize the system sum capacity? When it comes to intermediate SNR, there is a tradeoff in designing the precoding matrix. Since there is power imbalance between the macro base stations and small cell base stations, we allow some interference leakage caused to the small cell user to optimize the overall network performance. We first propose an interference coordination strategy based on the idea of interference alignment, which is called hard partial interference alignment. It adaptively selects the dimensions of subspace the small cell user can transmit based on the power constraints. This partial interference alignment captures the trade-off between interference avoidance at other users and spatial multiplexing at the intended user. We try to project the interference into partial subspace of the small cell user instead of the full subspace, so that extra improvement on the transmission rate of macro cell can be offered in finite SNR. After the subspaces of the small cell users are determined, the soft partial interference alignment method is used to optimize the sum capacity by considering the signal and interference balancing. It is solved in an iterative way. The performance will be further improved when the water-filling (WF) method is used. The water-filling level is determined by the singular value distributions of the channel matrix in the large dimensional regime instead of the actual realization of the channels. DoF provide SNR-asymptotic performance for the wireless systems. For the finite SNR cases, large dimensional analysis [18] - [20] provide a size-asymptotic approach to quantify the network performance. Size-asymptotic approach is a viable alternative to the SNR-asymptotic one, since it produces the results that hold at any realistic SNR. It has been applied to derive the achievable rates of the successive interference cancelation in MIMO broadcast channel [21] . Also large dimensional analysis is performed to analyze the rates of block diagonalization as well as dirty paper coding [22] . When the number of transmit and receive antennas goes to infinity at a fixed ratio, it will render us to perform closed form analysis by using the tools in random matrix theory [18] . In this paper, we perform large dimensional analysis to obtain the the number of transmit dimensions for small cell in finite SNR. We show that the number of dimensions the small cell can transmit is determined by the singular value distribution of the channel matrix and the transmit SNR of the system. The rest of this paper is organized as follows. The Hetnet downlink transmission model and the interference channel model are introduced in Section II. A new interference coordination strategy called partial interference alignment is proposed and analyzed in Section III. In Section IV, the large dimensional asymptotic analysis is performed to obtain the number of transmit dimensions for small cell user and the waterfilling levels. The numerical results and discussion are provided in Section V and Section VI concludes this paper.
II. NETWORK MODEL AND PROBLEM FORMULATION A. OSG CROSS-TIER INTERFERENCE IN DOWNLINK HETEROGENEOUS CELLULAR NETWORKS
We consider a two-tiered downlink Hetnet which consists of a macro cell and some small cell based stations (BS), as shown in Fig. 1 . The macro cell BS is equipped with N antennas and the small cell BSs are equipped with M antennas. For the users, they all have K antennas. Due to power imbalance in heterogeneous networks, the transmitting power of macro cell BS is much larger than that of the small cell. Since the macrocell user is geographically far away from the small cell BS, the interference experienced by macro cell user from the small cell BS can be reasonably neglected. On the other hand, the interference from macro BS to small cell user must be properly mitigated to avoid a severe degradation of the network performance.
The Hetnet model can be abstracted as the interference network model, as shown in Fig. 2 , where one macro cell BS, MC 0 coexists with two small cell BSs, SC 1 and SC 2.
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The red line denotes interference and the dark line represents intended signal. The interference mode: open subscribe group (OSG), where macro users receive negligible interference from small cell BSs due to range expansion is considered. The extension to more complex model is straightforward. The channel matrices between BS and user end are assumed to be constant for certain number of time slots and do not change during transmission.
The received signal in user 0, user 1 and user 2 can be expressed as K × 1 vectors r 0 , r 1 and r 2 ,
where H 00 , H 11 and H 22 are intended signal channel matrices of user 0, user 1 and user 2. H 10 , H 20 , H 21 and H 12 are cross interference channel matrices. The entries of these matrices are independent and identically distributed, and can be expressed as
where G ij denotes the small scale fading part of the channel from the jth BS to user i. It is assumed to be fixed over one coherence time, and it is complex Gaussian distributed. D ij is the corresponding path loss part, which lasts over a relatively longer time. n 1 , n 2 and n 3 are additive white Gaussian noise vector with variance σ 2 . The data symbols s k ∈ d k × 1 is intended for user k with d k as the dimensions or the degrees of freedom achieved by user k. P k is a diagonal matrix, denoted as
Each entry in the diagonal can be seen as the power allocated to each corresponding symbol.
We also consider the precoding in concatenated with the power allocation. Each symbol is precoded with a precoder V k , which is unitary matrix and it is responsible for the symbol direction. The corresponding power constraint can be expressed as following,
Remark 1 (Realistic SNR and Power Imbalance): Note that, here we consider finite SNR in this paper, so the power constraint is limited. Also considering the power imbalance in hetnet, we set p 0,max > p 1,max .
B. PROBLEM FORMULATION
After the design of the interference avoidance and alignment matrix, the achievable rate of user k can be expressed as
where W k denotes the receiving matrix of user k, and Q k is
Since we consider the intermediate SNR case, it is necessary for us to maximize the sum capacity instead of the DoF. We aim to maximize the achievable network sum capacity subject to the power constraint, written as follows: (10) where R 0 , R 1 and R 2 are the achievable rates of user 0, user 1 and user 2.
III. INTERFERENCE COORDINATION STRATEGY AT INTERMEDIATE SNR
In this section, we try to propose an interference coordination strategy for the coexistence of small cell and macro cell downlink transmissions based on the idea of interference alignment. The only difference is that since we consider the intermediate SNR case, we need to balance the the transmission dimensions of small cell users and macro cell user in order to maximize the sum capacity of the two-tier networks. We first review the conventional full interference alignment strategy, which can provide the best DoF performance in high SNR region. Since the intermediate SNR case is considered in this paper, there are power constraints in the transmitter sides of the small cell and macro cell. The transmit dimensions of small cell users are adaptively selected depending on the power constraints and channel conditions. Further, after the dimensions of the user is chosen, balancing of desired signal maximization and interference alignment is considered in the design of precoding and receiving matrices. In this way, the network sum capacity can be maximized with limited power constraints.
A. DESIGN OF FULL INTERFERENCE ALIGNMENT STRATEGY
For small cell users, user 1 and user 2, there are cross small cell interference and interference from the macro cell BS. In light of the conventional interference alignment strategy, we should align the cross small cell interference and macro cell interference in each small cell receiver side, that is
where (11) aligns the interference caused in the user 1 side from transmitter 0 and transmitter 2, (12) aligns the interference caused in the user 2 side from transmitter 0 and transmitter 1. For the full interference alignment strategy, the receiving matrix V k ∈ M × d k is designed to eliminate the interference and extract the intended symbols, with d k = K . The estimates of the data symbols can be obtained aŝ
In the conventional IA strategy, the following conditions must hold:
For the system model introduced in this paper, to achieve full interference alignment, the constraint that N − 2K ≥ K is assumed. Since the precoding and receiving matrices for maximizing the system sum capacity are NP-hard to obtain, as an alternative to finding optimal closed-form solutions, we provide an intuitive method called partial interference alignment to solve the problem. An iterative algorithm that balances the interference and signal by taking into account of the power imbalance in the Hetnet model is proposed to further optimize the network sum capacity.
In this paper, we decompose the precoding vector into two parts, which represent the spatial multiplexing at the intended user and interference avoidance at the other users. We first consider the macro cell link. For the transmitter side of user 0, the design of precoding matrix should take into account of the interference caused to the small cell users. This can be achieved by writing V 0 as the product of two sub precoding matrices.
where V (1) 0 is responsible for the interference avoidance at the small cell user and V (2) 0 is designed to maximize the multiplexing gain for the macro cell user.
The interference channels from MC 0 to user 1 and user 2 can staked as
where H 210 ∈ 2K × N due to the fact that H 10 ,
be the singular value decomposition of the interference channel matrix from MC 0 to user 1 and user 2, in which V H 210 ∈ N × N . The first part of the precoding matrix of MC 0 V (1) 0 can be designed to be orthogonal to the left 2K columns of V H 210 , that is
In this way, the interference caused to user 1 and user 2 can be eliminated. From this, we can see that some degree of freedom in the downlink transmission of the macro cell link is sacrificed for the interference avoidance at the small-cell users.
After the V (1) 0 is obtained, we next consider the design of V (2) 0 . We can write the equivalent macro cell link channel matrix as H 00 = H 00 V 
and the corresponding receiving matrix can be given as
For the small-cell link, the precoding matrix can be designed in the same way. For the transmitter side of user 1, the design of precoding matrix should take into account of the interference caused to the small-cell user 2. This can be achieved by design V 1 as
be the singular value decomposition of the interference channel matrix from SC 1 to user 2, in which V H 21 ∈ M ×M . The first part of the precoding matrix of SC 1 V (1) 1 can be designed by selecting the right min(K , M −K ) columns of V H 21 . In this way, the interference caused to user 2 can be eliminated.
After the V
1 is obtained, we next consider the design of V 
1 = V H 11 (22) and the corresponding receiving matrix can be given as
The rational for the design of the precoding for the full interference alignment scheme is that the nulled subspace of H 210 is not likely to be correlated with H 00 .
In the following sections, we try to find the optimal precoding matrix when the transmitting power is limited, i.e. the intermediate SNR case.
B. HARD PARTIAL INTERFERENCE ALIGNMENT AND SELECTIVE DIMENSIONS OF SMALL CELL USER
From the operation of full Interference Alignment, it can be seen that the macro cell link has to sacrifice some dimensions to mitigate the interference caused to the small cell link. Since there is power imbalance among the the macro-cell BS and the small-cell BS, we can adaptively select the number of dimensions for the small cell links according to the power constraints of the transmitters.
To achieve the optimal sum capacity of the system, we try to partially align the signal of interference by considering the power constraints in each transmitter instead of full IA [23] . Without loss of generality, we assume the degree of freedom achieved by user k is d k < K , k = 1, 2.
After we project the precoding vector V 0 into the null space of H 210 , we would sacrifice some degree of freedom in the downlink transmission of the macro cell BS.
We can select the subspace spanned by the first d 1 column vectors of V H 11 corresponding to the largest d 1 singular values in the small cell link. Then, in order to align the interference caused by the macro cell link into the rest K − d 1 dimensions, we consider the interference channel matrix H 10 = U H 11 H 10 and H 20 = U H 22 H 20 , which can be expressed as the block structure
where
Since there is power imbalance in the transmitting power of macro-cell BS 0 and small-cell BS 1 and 2, a heuristic way to do this is to design the precoding matrix V 0 to be orthogonal to the partial subspace of H 10 and H 20 . In this way, more transmit dimensions can be reserved for the macro-cell link.
To align the interference caused by the macro link into the d 1 + d 2 dimensions, the precoding matrix V (1) 0 must satisfy: 
Note that theV H 13V

H H 13 is non-identity when we select part of the columns as the precoding vector, which is an effective one. And it is identity when we select the full columns. So the precoding matrix (27) is effective here.
We next consider the design of V 1 . It should cancel the interference caused to user 2. in order to align it with the interference caused by the macro cell link to the rest K − d 2 dimensions of user 2, we consider the channel matrix H 21 = U H 22 H 21 , which can be expressed as the block structure
where 
Then the balanced precoding vector V 1 can be expressed as
This precoding balances the multiplexing gain at the macro link and interference avoidance at the small cell user. Also it adaptively select the number of dimensions the small cell link can transmit based on the power constraint of the system, which flexibly takes advantage of the interference alignment method.
C. SOFT PARTIAL INTERFERENCE ALIGNMENT AND ITERATIVE ALGORITHM
In this section, we propose a soft IA algorithm in order to further improve the hard IA method. Instead of strictly aligning the interference in the transmitter side, we balance the interference and useful signals in each user side to improve the sum capacity of the system. The total received interference at user k from the undesired BSs and noise is given by:
is the interference covariance matrix for user k. The intended signal power at user k from the desired BSs is given by:
is the signal covariance matrix for user k. By balancing the interference and useful signals, in each small cell user try to solve the following optimization problem,
This is a standard trace ratio problem, which can be solved by the iterative optimization procedure [24] . The column vectors of the obtained solution W * k are unitary and orthogonal to each other.
Denote A k = R k +Q k , then the optimization problem (37) is equivalent to the following,
We start to solve the optimization problem in an iterative manner. First compute the trace ratio value λ n from the previous receiving matrix W
Then the receiving matrix can be updated based on the obtained λ n as
which can be solved by the eigenvalue decomposition method by selecting the column vectors corresponding to the largest d k singular eigenvalues,
Similarly, for the precoding matrix V k , it can be updated in the reciprocal way. Its interference leakage to other users is given by:
The intended signal power at user k from the desired BSs is given by:
The iterative method can be described in Algorithm 1 shown in the following page.
IV. LARGE DIMENSIONAL ANALYSIS FOR DOF BALANCING AT INTERMEDIATE SNR
In this section, we perform large dimensional analysis of the asymptotic transmit dimensions for the small-cell users when the number of antennas goes large. We first make some assumptions on the configuration of the system as follows.
Assumption 1: The large dimension assumption in terms of numbers of antennas is defined as follows:
• The number of antennas in the transmit and receive side M , N and K approach infinity, M → ∞, N → ∞ and K → ∞.
• The ratio of antennas is fixed, M /K = α, N /K = ξ .
Algorithm 1 Iterative Algorithm to Solve the Soft Partial Interference Alignment
Step 1. Initialize the the receiving matrix W k as the randomly selected matrix with orthogonal columns;
Step 2. For n = 1, 2, . . . , N max 1). Compute the ratio λ n based on the matrix W n−1 k :
2). Formulate the difference problem for computing W n k as:
3). Solve the problem by eigenvalue decomposition:
A. ACHIEVABLE RATE UNDER WATER-FILLING 1) THE ASYMPTOTIC WATER-FILLING LEVEL AND SINGULAR VALUE DISTRIBUTION
We first consider the problem of determining the asymptotic water-filling level. Then the asymptotic transmit dimensions of small cell user can be obtained directly. The water level β can be derived by satisfying the power constraint (15),
In finite case, the power p 2,n corresponding to the nth singular value can be given by
where β can be written as
where d is the number of actual transmit dimensions. The dimension with λ H H 22 H 22 ,n < σ 2 /β is not used. The number of actual transmit dimensions d can be given as the sum of VOLUME 6, 2018 indicator functions [25] : 
where an approximation is made here. When the system goes to large dimension, the summation can be written in the integral form. The empirical eigenvalue distribution F (λ) is the corresponding probability density function, which can be given according to the Marcenko-Pastur law [26] , In the large dimensional regime, the eigenvalues of random matrices converges in distributions. Let f (λ) be an function of parameter λ, then if the eigenvalues fall into the interval λ ∈ (a, b) and the distribution converges to g(λ j ), the averaged sum of f (λ j ) converges as the dimension goes large,
V. NUMERICAL RESULTS AND DISCUSSION
In this section, we present numerical performance analysis for the proposed method. It is assumed that small scale fading part of the channels from the macro cell BS to user 0 H 00 and the small cell user links H 11 and H 22 are drawn from the random matrix for which each element is generated by independent complex Gaussian variable CN (0, 1), and the small scale fading part of cross-tier interference channel H 10 and H 20 are also independent complex Gaussian. So are the interference channel among the small cell links H 12 and H 21 The range of SNR per transmit antenna is from −10dB to 20dB. We perform Monte-Carlo simulation with 500 random generated channels. The rest parameters can be summarized in the following table. 
A. COMPARISON WITH OTHER INTERFERENCE AVOIDANCE SCHEME
The performance of the hard partial interference alignment is evaluated by comparing with conjugate beamforming and full interference alignment in Fig. 3 . The conjugate beamforming is performed without considering the interference caused to other users. It only tries to maximize the intended signal in the receiver side. In the model of this paper, the procedure is carried out as this. Take the the user 1 link for example. Since the interference from other cell is ignored, we consider the user 1 link alone. Let
be the singular value decomposition of the user 1 link channel matrix. U H 11 and V H 11 are two unitary matrices with dimensions K ×K and M × M and is a diagonal matrix with singular values on the diagonal entries and zeros on other entries. The capacity can be achieved by design V 1 and W 1 as
The proposed hard partial interference alignment achieves better performance than that of the full interference alignment method and conjugate beamforming in intermediate SNR.
The intuition after this is the partial interference alignment adaptively select the number of subspaces according to the power imbalance among the macro cell BS and small cell BSs. In the intermediate SNR, it does not try to maximize the DoF of the system, while the full interference alignment method achieves the optimal sum DoF in the high SNR. In low SNR, the conjugate beamforming can obtain marginal superior performance than the partial interference alignment scheme.
Note that the average sum capacity performance can be further improved with water-filling optimization since it takes advantage of the diversity in the singular values, as can be seen in Fig. 4 . The performances of the scheme with and without water-filling are asymptotic equivalent in high SNR. 
B. SMALL CELL TRANSMIT DIMENSIONS AND SOFT PARTIAL INTERFERENCE ALIGNMENT
We further consider the effect of different number of transmit dimensions in small cell links. As shown in Fig. 5 , we first study the relationship between sum capacity and transmit dimensions of the small cell link in low and intermediate SNR. From the figure, it is better to transmit with fewer dimensions when the transmit power is limited in small cell links. However, there is performance transition when we increase the system SNR, as shown in Fig. 6 . It is more beneficial to select as many dimensions in small cell link as possible in high SNR. The guideline for the hard partial interference alignment scheme is that we should adaptively select the dimensions of the small cell link according to the system transmit power of Hetnet in order to achieve best system sum capacity.
After the transmit dimensions of small cell links are determined, the network sum capacity can be improved by soft partial interference alignment, as shown in Fig.7 . The soft partial interference alignment works in an iterative way, which takes into account of the signal and interference balancing among macro cell and small cell links. Fig. 8 shows the empirical probability density function (PDF) of the eigenvalue λ H H 22 H 22 . When we increase the number of antennas in the links, the empirical PDF will coincide with the theoretical results. Fig. 9 shows the asymptotic per antenna transmission rate when we increase the number of transmit antennas in the macro cell BS. This is actually determined by the fact that the singular value of the random channel matrices converges to certain deterministic distribution. Observe that the transmission rate converges to a certain value when there are only tens of antennas. The large dimension results can be even accurate with not-so-large number of antennas. 
C. ASYMPTOTIC TRANSMISSION RATE
VI. CONCLUSIONS
In this paper, we propose a new partial interference coordination strategy based on the idea of interference alignment that is suitable for the network sum capacity improvement in intermediate SNR. Interference alignment provides an efficient way to achieve optimal DoF in high SNR. However, it is not necessarily optimal in terms of achievable sum capacity in the low and intermediate SNR regime. We propose a interference coordination strategy called partial interference alignment, which adaptively selects the subspace for transmission based on the power constraints. This partial interference alignment captures the trade-off of interference avoidance at other users and spatial multiplexing at the intended user. The performance can be further improved by balancing the signal and interference among the small cell and macro cell links. Furthermore, large dimensional analysis is performed to show that the number of transmit dimensions which can be exploited by the small cell BS is determined by the SNR of the system and the eigenvalue distribution of the channel matrices. Simulation results suggest that the proposed partial interference alignment can achieve better achievable sum capacity in the intermediate SNR regime.
